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Abstract
We propose a threshold integer-valued autoregressive
model, with multiple regimes (K ≥ 2), based on gen-
eralized thinning operator (hereafter referred to as
SET − GINAR (K; p)). First, we study the probabil-
istic structure of our model through the stationarity
issue and moments structure. Second, we provide three

statistical inference procedures, namely: two estima-
tion methods, as well as a nonlinearity test procedure
to test the threshold effect. Finally, the performances
of the obtained inference procedures will be evaluated
via an intensive simulation study and application on
real data.
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1 Motivations and formulations

Numerous count time series encountered in various fields reveal strong nonlinearity characteristics that
cannot be captured by the standard linear count time series models like INAR-type schemes (Al-Osh
and Alzaid (1987); Du and Li (1991)). This nonlinearity fact was emphasized in several works in the
literature, we can cite: (Doukhan et al (2006). Since nonlinear behavior is often considered to be
piecewise linear, this led to the apparition of several works to model the piecewise phenomenon of
non-negative integer-valued time series, we have: Thyregod et al (1999), Monteiro et al (2012), Yang
et al (2018), Bentarzi and Sadoun (2021), Yang et al (2022). All these attractive reasons around the
(SETINAR) model, motivated us to study the probabilistic structure, the estimation problem as well
as the nonlinearity testing issue within a new proposed formulation incorporating multiple thresholds
generating more than two regimes. Indeed, we consider a higher-order self-exciting threshold model,
with multiple regimes K, (K > 2), based on generalized (Latour (1997)) thinning operator, including
unspecified innovation distribution but belonging to a parametric family which satisfies only some general
technical assumptions. The definition of self–exciting threshold INAR model of order p in each regimes
(SET − GINAR (K, p)), is given by the following recursion:

yt =
∑K

j=1 [(
∑p

i=1 φSt,i ∗ yt−i) + εSt,t] 1 (St = j) , t ∈ Z (1.1a)
where 1 (.) denotes the indicator function, and {St}t∈Z is a sequence of independent and identically
distributed random variables defined by pieces in time, which is defined as follows:

St =



1,

2,
...
K − 1
K

if yt−d ≤ c1,

if c1 < yt−d ≤ c2.
...
if cK−2 < yt−d ≤ cK−1
if yt−d > cK−1

where (c1, c2, ..., cK−1)′ stand the vector of unknown threshold points, and d indicates the delay parameter
(such as the delay parameter d is defined like in Tong (1980)). Furthermore, it is assumed that yt−1 and
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St are independent. Thus, we can consider the following notations to associate the belonging in regimes
by regions in Z+:

R1 = {yt−d ∈ [0, c1]} ; Rj = {yt−d ∈ ]cj−1, cj ]} , j = 2, . . . , K − 1; RK = {yt−d ∈ ]cK−1, +∞[} .

The innovation process, {εj,t, t ∈ Z, j = 1, . . . , K}, is a sequence of independent non-negative integer-
valued random variables, with some discrete distribution belonging to the parametric family {Gαj

|αi =
(αj,1, αj,2, . . . , αj,q)′ ∈ A ⊂ Rq

+}, where A is an open, convex subset of Rq
+. For t ∈ Z and j = 1, . . . , K,

the innovation process {εj,t, t ∈ Z} is supposed to be independent of yt−i and φj,i ◦ yt−i ∀i = 1, ..., p.
The innovation processes {εj,t, t ∈ Z}j∈{1,...,K} are mutually independent. The symbol ” ∗ ” indicates
the generalized thinning operator, which is introduced by Latour (1997) as follows:

φj,i ∗ yt−i =


yt−i∑
k=1

Y
(i)

k,t,j ,

0,

if yt−i > 0,

if yt−i = 0.
(1.1b)

Here
{

Y
(i)

k,t,j , k ∈ N, t ∈ Z, j = 1, . . . , K, i = 1, ..., p
}

are (i.i.d) counting variables with finite mean φj,i

φj,i ∈ (0, 1) , j = 1, . . . , K and i = 1, . . . , p, which are independent of the innovation process {εj,t, t ∈ Z, j = 1, . . . , K}.
The sequences of (i.i.d) random variables of counts

{
Y

(i)
k,t,j

}
k∈N,t∈Z,j=1,...,K,i=1,...,p

are mutually inde-
pendents.
The following notations are used all over the paper:
Let φ =

(
φ′

1, . . . , φ′
K

)′
∈ (0, 1)Kp, and α = (α′

1, . . . , α′
K)′ ∈ AK with φ

j
= (φj,1, ..., φj,p)′ ∈ (0, 1)p, and

αj = (αj,1, . . . , αj,q)′ ∈ A, for j = 1, . . . , K. Defining the K(p + q) dimensioned parameter vector

θ =
(
θ′

1, . . . , θ′
K

)′ =
((

φ′
1, α′

1

)
; . . . ;

(
φ′

K
, α′

K

))′

= ((φ1,1, ..., φ1,p, α′
1) ; . . . ; (φK,1, ..., φK,p, α′

K))′ ∈ (0, 1)Kp × AK ⊂ RK(p+q)
+

The parametric distribution with parameters φj,i ∈ (0, 1),i = 1, . . . , p, is denoted by Fφj,i
, and fφj,i

denotes its mass function. In general, we note a probability measure on Z+ by a capital, and its
probability mass function by the corresponding lower letter. This implies that gαj

is the point mass
function of the discrete distribution Gα

j
for j being fixed in {1, . . . , K}. G indicates the set of all

probability measures on Z+ = N ∪ {0}. For Gj∈G, µGj and σ2
Gj

∈ [0, +∞]2 represent the mean and the
variance of Gj respectively. For probability measures Fj and Gj , Fj ⊛Gj indicates the convolution of Fj

and Gj , with fixed j ∈ {1, . . . , K}. {Ft}t≥1−p is the natural filtration generated by y1−p, . . . , yt, i.,e.,
Ft = σ (y1−p, . . . , yt).

2 Preliminary probabilistic results

In this section, we discuss the basic probabilistic and statistical properties of the new self-exciting threshold
GINAR (p) model with multiple K regimes, K ≥ 2, (SET − GINAR (K, p)). First, we annunciate the
following proposition which proves that there exists a strictly stationary SET − GINAR (K; p)-model
satisfying (1.1).
Proposition 2.1. There exists a unique strictly stationary solution satisfying (1.1) with Cov (ys, εj,t) = 0
for j = 1, . . . , K and all s < t, if the spectral radius of the following matrix

Φmax =



φmax,1 φmax,2 · · · φmax,p−1 φmax,p

1 0 · · · 0 0

0 1
. . .

...
...

. . . 0
0 1 0


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is lesser than 1. In addition, {yt, t ∈ Z} is an ergodic process.
Second, we compute the first two unconditional moments of the SET − GINAR (K; p) model, to get
an idea on the moment structure of the model (then we can use these results to obtain moments-based
estimators). Proposition (2.2) below gives the mean and the variance for the process given by (1.1).
Proposition 2.2. Putting the following notations: p∗

j = P (yt−d ∈ Rj), uj,i = E (yt−i|yt−d ∈ Rj),
σ2

j,i = Var (yt−i|yt−d ∈ Rj), u
(n,m)
j = E (yt−nyt−m|yt−d ∈ Rj), and u∗

k,l = E
(
1(St=k)1(St=l)

)
.

1) The mean of yt is given by:
Eθ [yt] =

∑K
j=1 p∗

j

[∑p
i=1 φj,iuj,i + µGαj

]
. (2.3)

2) The variance of yt is given by:
Varθ [yt] =

∑K
j=1 Ij + 2

∑
k

∑
l

k<l,k,l=1,...,K

IIk,l (2.4)

where


Ij = p∗

j

(
σ2
Gαj

+
∑p

i=1 φj,iβj,iuj,i

)
+

∑p
i=1 φj,i

(
σ2

j,i + u2
j,i

)
− p∗2

j φ2
j,iu

2
j,i

+ 2
∑
n

∑
m

n<m,n,m=1,...,p

φj,nφj,mp∗
j

(
u

(n,m)
j − p∗

j uj,nuj,m

)
IIk,l = 1k,l + 2k,l + 3k,l + 4k,l

with
{

1k,l = −p∗
kp∗

l

∑p
i=1 φk,iuk,i

∑p
i=1 φl,iul,i

2k,l = µGα
l

∑p
i=1 φk,iuk,i

(
u∗

k,l − p∗
kp∗

l

) 3k,l = µGα
k

∑p
i=1 φl,iul,i

(
u∗

k,l − p∗
kp∗

l

)
4k,l = µGα

k
µGα

l

(
u∗

k,l − p∗
kp∗

l

)
Remark 2.1. The condition

∑p
i=1 φj,i < 1 for a fixed j = 1, . . . , K, is a sufficient condition for both

the second-order and strict stationarity, and the ergodicity of our model. It is easy to see that the
above assumptions satisfy for example the often used distributions in the literature with S = (0, +∞)
and Gα = Poisson (α) or Gα = Geometric (α).

3 Parameters estimation issue

We consider the parameters estimation problem of the SETGINAR (K; p) model, using two estimation
methods, namely the conditional least squares method (CLS), and conditional maximum likelihood
method (CML) methods. For the rest, we put 1 (St = j) = It−d,j .

3.1 Conditional least squares method

Let θ =
(
θ′

1, θ′
2, . . . , θ′

K

)′ the (p + q) K−vector of model (2.1) parameters, and let θ∗ =
(
θ∗′

1 , θ∗′
2 , . . . , θ∗′

K

)′

the (p + 1) K−vector of quasi parameters of the model (1.1). So, we have

θ∗ =
((

φ1,1, . . . , φ1,p, µGα1

)
, . . . ,

(
φK,1, . . . , φK,p, µGαK

))′
,

and by putting the quantity:
q (θ∗, Ft−1) = Eθ∗ [yt|yt−1, . . . , yt−p] =

∑K
j=1

[
(
∑p

i=1 φj,iyt−i) + µGα
j

]
It−d,j .

Then the (p + 1) K−vector of CLS-estimators θ̂∗ =
((

φ̂′
1,n

, µ̂Gα1,n

)
, . . . ,

(
φ̂′

K,n
, µ̂GαK,n

))′
are derived

by minimizing the quantity:
Qn (θ∗) =

∑n
t=1 (yt − q (θ∗, Ft−1))2 =

∑n
t=1 U2

t (θ∗) .
By solving the system of score equations arising from the partial derivatives of first order, we obtain the

CLS-estimators θ̂∗ =
{(

φ̂′
j,n

, µ̂Gα
j,n

)′
}

j=1,...,K

.

To study the strong consistency and asymptotic normality of the CLS estimators, we make the following
assumptions about the existence of the moments of the stationary distribution of the underlying
SET − GINAR (K, p) process.

UMMTO



Self-excited−GINAR(K, p) models MOAD’2024

Assumption (A.1). The observed sequence {yt, t ∈ Z+} is generated from SET −GINAR (K, p) process
with the true parameters

θ0 =
(
θ′

1,0, . . . , θ′
K,0

)′ =
((

φ′
1,0, α′

1,0

)
; . . . ;

(
φ′

K,0, α′
K,0

))′
∈ (0, 1)Kp × AK ⊂ RK(p+q)

+ .

Assumption (A.2). Let Gαj
∈G with gαj

(0) ∈ [0, 1), µGα
j

< ∞, and φ ∈ (0, 1)Kp with
∑p

i=1 φj,i < 1
for j ∈ {1, . . . , K} being fixed. Then, for r ∈ N∗, Eθ∗ (yr

t ) < ∞, for i, j, k = 1, . . . , p, i ̸= j ̸= k,
Eθ∗

(
y2

t−iyt−j

)
< ∞, Eθ∗ (yt−iyt−jyt−k) < ∞.

Proposition 3.1. Assuming that (A.1) − (A.2) hold. Let for j ∈ {1, . . . , K}, φ
j,0 ∈ (0, 1]p, and

µGα
j

,0 ∈ R+ a“truth” autoregression parameter and a “truth” mean parameter, υ probability measure on
Z+ with finite support, and Gα

j
such that EGαj

[ε1]3 < ∞ and gα
j
(0) ∈ (0, 1). Then we have:

i) Strong consistency of CLS-estimators:
Any CLS-estimators θ̂∗

n =
(

φ̂′
1,n

, µ̂Gα1,n
, . . . , φ̂′

K,n
, µ̂Gα

K,n

)′
is consistent in the following sense:

θ̂∗
n

a.s−→ θ∗
0 ⇒ φ̂

j,n

a.s−→ φ
j,0, and µ̂Gα

j,n

a.s−→ µGα
j,0

ii) Asymptotic normality of CLS-estimators:(√
n

(
θ̂∗

n − θ∗
0

)′
)′

d−→ N(p+1)K

(
0, V −1WV −1)

Where V and W are square matrices of order (p + 1) K with following elements:

Vk,l = Eθ∗

(
∂

∂θ∗
k

q (θ∗, Ft−1) ∂

∂θ∗
l

q (θ∗, Ft−1)
)

Wk,l = Eθ∗

(
U2

t (θ∗) ∂

∂θ∗
k

q (θ∗, Ft−1) ∂

∂θ∗
l

q (θ∗, Ft−1)
)

Such as θ∗
i denotes the ith component of θ∗.

3.2 Conditional maximum likelihood method
In the most case, the maximum likelihood estimation method is not directly applicable in integer-valued
time series models. Here, the conditional maximum likelihood is used, since closed expressions for
υ0 (θ) are only known for a few specific immigration distribution. We call an estimator

(
θ̂n

)
n∈Z+

of θ a

conditional maximum likelihood CML estimator of θ if θ̂n maximizes the conditional likelihood function
associated to the model, i.e.,

∀n ∈ Z+ :
(

θ̂n

)
∈ arg

(θ)∈(0,1]Kp×AK

max
(

n∏
t=1

P
θ

(yt−1,...,yt−p),yt

)
,

More precisely, we have the following transition probability in terms of probability masses:

P
θ

(y∗
t−1,...,y∗

t−p),y∗
t

=
K∑

j=1

[ ∑
k1+...kp

∑
k1

. . .
∑
kp

([
fφj,1 (k1) . . . fφj,p (kp)

]
× gαj

(y∗
t − (k1 + . . . kp))

)]
It−d,j

We emphasize that we, nowhere, impose that such a maximum location is unique. The following
Proposition states the consistency and asymptotic normality of the CML-estimators.
Proposition 3.2. Let φ

j,0 ∈ (0, 1]p, and αj,0 ∈ A a“truth” autoregression parameter and a “truth”
innovation parameter, υ probability measure on Z+ with finite support, and Gα

j
such that EGα

j
[ε1]3 < ∞

and gα
j
(0) ∈ (0, 1) for all j ∈ {1, . . . , K} being fixed. Then, under the Franke and Seligmann (1993)

conditions (C.1) − (C.6), we have:
i) Consistency of CML-estimators:
Any CML-estimators θ̂n =

(
φ̂′

1,n
, α̂′

1,n, . . . , φ̂′
K,n

, α̂′
K,n

)′
is consistent in the following sense:

θ̂n
p−→ θ0 ⇒ φ̂

j,n

p−→ φ
j,0, and α̂j,n

p−→ αj,0
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ii) Asymptotic normality of CML-estimators:(√
n

(
θ̂n − θ0

)′
)′

d−→ NK(p+q)

(
0, Γ (θ)−1

)
Where Γ (θ) is Fisher information matrix of order K (p + q).

4 Nonlinearity testing problem

Assume that K = 2, the present paragraph contributes to constructing while following the Le Cam (1960)
methodology, an efficient parametric test of the existence of a threshold effect in the GINAR (p) process.
We generalize the recent test of nonlinearity for a threshold in INAR (p) model which is proposed by
Yang et al (2022), while adopting a perturbation of the parameters introducing a perturbation due to
the regime change.
The following proposition establishes a locally asymptotically optimal test (so-called most stringent test)
to test a time-invariant GINAR (p) model, against a SET − GINAR(2, p) model given by (1.1).

Proposition 4.1. (The most stringent test). Under some regularity conditions, the test rejecting the
null hypothesis H

(n)
g (θ) whenever:

Q̂
(n)
g

(
θ̂

(n)
)

= ∆̂
(n)′

(
θ̂

(n)
) (

Γ∆(n)
(

θ̂
(n)

))−1
∆̂

(n)
(

θ̂
(n)

)
> X 2

2(p+q),1−α,

is such that :
(i) has asymptotic level α under H

(n)
g (θ),

(ii) has asymptotic power:

1 −
(

X 2
1−α; (p + q) ; τ∗′

2 Γ
(

θ̂
(n)

)
τ∗

2

)
, under H

(n)
g

(
θ + ν(n)τ∗(n)) ,

where
(
X 2

1−α; r; v
)

denotes the non central chi-square distribution function with r degrees of freedom and
non-centrality parameter v;

(iii) is locally asymptotically most stringent test against H
(n)
g

(
θ + ν(n)τ∗(n)).

5 Numerical illustrations

Our illustrations have been structured into two main parts: an intensive simulation study and a real
data example. We numerically assessed our statistical procedures first on artificial data generated by our
own algorithms, then applied our theoretical results to a real dataset. We note that in this document we
didn’t report the real data application.

5.1 Simulation results
We have evaluated the (CLS), and the (CML) estimators, on several time series, of small, moderate,
and relatively large sizes n. In this paragraph, we consider series were generated from three different
SET −GINAR (3, 2) models, based on three different thinning operators (Binomial: φ∗y|y 7→ Bin (y, φ),
Poisson: φ ∗ y|y 7→ P (φy), and Negative-Binomial: φ ∗ y|y 7→ N B (y, 1/1 + φ)). Data-generating models
are driven by Poisson P (αj), and Geometric G (e−x ≡ αj) innovation distributions, which are considered
in Model M1 and Model M2, respectively. The choice α = e−x ∈ (0, 1] with x ≥ 0 for the G distribution
is mentioned in Drost et al (2009) due to the same masses assignment to 0. The models are given as
follows:

Model M1 : θ = [(φ1,1, φ1,2, α1; φ2,1, φ2,2, α2; φ3,1, φ3,2, α3; [c1, c2])]′

= [(0.3, 0.6, 2; 0.15, 0.2, 1; 0.5, 0.1, 3; [6, 11])]′ . P (αj) , j = 1, 2, 3
Model M2 : θ = [(φ1,1, φ1,2, α1; φ2,1, φ2,2, α2; φ3,1, φ3,2, α3; [c1, c2])]′

θ = [(0.3, 0.6, 2; 0.15, 0.2, 1; 0.9, 0.1, 3; [6, 11])]′ . G (eαj ) , j = 1, 2, 3
We stress that we report in this document only the results covering the Poisson P (αj) innovation
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distributions. Our numerical results concerning the estimation problem are summarized in Table 1 given
below including only the CLS estimators.

Table 1. Simulation results of the CLS estimates for Model M1 with delay d = 1
Method n Result φ1,1 φ1,2 α1 φ2,1 φ2,2 α2 φ3,1 φ3,2 α3
∗ 7→ Bin 100 Mean .2806 .5723 4.3016 .1618 .1943 .9364 .4212 .0464 4.2028

RMSE (.3161) (.1794) (1.888) (.1602) (.0666) (1.477) (.5987) (.2164) (7.761)
300 Mean .2835 .5855 4.1976 .1473 .1991 1.0186 .4793 .0864 3.3512

RMSE (.1661) (.1099) (1.116) (.0840) (.0324) (.7463) (.2753) (.0772) (3.662)
800 Mean .3065 .5921 4.0507 .1490 .1993 1.0169 .4975 .0956 3.1744

RMSE (.1051) (.0635) (.6628) (.0554) (.0212) (.5025) (.1428) (.0448) (1.962)
∗ 7→ P 100 Mean .2756 .5707 4.3477 .1514 .1883 1.0521 .4584 .0433 3.7794

RMSE (.3797) (.2253) (2.266) (.2020) (.0745) (1.714) (.5203) (.1747) (6.860)
300 Mean .2832 .5860 4.1985 .1457 .2014 1.0434 .4558 .0868 3.6597

RMSE (.2035) (.1131) (1.1687) (.1093) (.0391) (.9531) (.2310) (.0818) (3.189)
800 Mean .2973 .5980 4.0373 .1489 .1998 .9557 .4936 .0964 3.0934

RMSE (.1284) (.0743) (.7744) (.0640) (.0220) (.5537) (.1284) (.0512) (1.784)
∗ 7→ N B 100 Mean .2475 .5591 4.5384 .1418 .1934 1.1141 .4404 .0529 4.1234

RMSE (.3970) (.2247) (2.328) (.2091) (.0712) (1.770) (.4029) (.1834) (5.803)
300 Mean .3178 .5946 4.0323 .1541 .1972 .9648 .4795 .0804 3.9533

RMSE (.2353) (.1200) (1.305) (.1098) (.0414) (.9269) (.2268) (.0839) (3.244)
800 Mean .2938 .6009 4.0438 .1500 .1989 1.0108 .4936 .0932 3.4441

RMSE (.1412) (.0730) (.7711) (.0712) (.0235) (.6035) (.1265) (.0470) (1.864)

For the testing problem, we consider two SET − GINAR(2, 2) data-generator processes, M1, M2, and
GINAR(2) process M3 are used to simulate time series of small, moderate and relatively large sizes
(n = 100 − 1000). [M1, M2, M3] are based on three different thinning operators. Data-generating
models are driven only by Poisson P (αj) innovation distributions, and d = 1.

Model M3 : θ = [(φ1,1, φ1,2, α1; φ2,1, φ2,2, α2; c)]′ = [(0.1, 0.5, 6; 0.6, 0.2, 3; 13)]′ .

Model M4 : θ = [(φ1,1, φ1,2, α1; φ2,1, φ2,2, α2; c)]′ = [0.1, 0.3, 4; 0.15, 0.2, 3; 6] .

Model M5 : θ = [(φ1, φ2, α1)]′ = [0.1, 0.5, 3]
The empirical powers of models M1 and M2, and also empirical type I errors for model M3 under
confidence level of 95% when H0 is true, are given in Table 2.

Table 2. Empirical powers and levels of the efficient tests ϕ for the level 5%

n
100
ϕ

200
ϕ

300
ϕ

400
ϕ

600
ϕ

800
ϕ

1000
ϕ

M3 ∗ 7→ Bin

∗ 7→ P
∗ 7→ N B

.9600

.9533

.9067

.9967

.9960

.9933

1
1
1

1
1
1

1
1
1

1
1
1

1
1
1

M4 ∗ 7→ Bin

∗ 7→ P
∗ 7→ N B

.7000

.6300

.6667

.9433

.9400

.9533

.9760

.9733

.9873

.9911
1

.9967

1
1
1

1
1
1

1
1
1

M5 ∗ 7→ Bin

∗ 7→ P
∗ 7→ N B

.0300

.0630

.0433

.0590

.0350

.0333

.0431

.0567

.0467

.0600

.0400

.0603

.0500

.0477

.0533

.0533

.0461

.0500

.0487

.0493

.0500
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