.
MOAD 2024

The Sixth International Collogquium on

Methods and Tools for Decision Support

October 20th-22nd 2024, Tizi-Ouzou, Algeria

Bayesian Loss Robustness of Exponential Models

Lyasmine Harrouche =&
Laboratory of Pure and Applied Mathematics. Mouloud Mammeri University of Tizi-Ouzou. ALGERIA

Hocine Fellag &
Laboratory of Pure and Applied Mathematics. Mouloud Mammeri University of Tizi-Ouzou. ALGERIA

Lynda Atil =

Laboratory of Pure and Applied Mathematics. Mouloud Mammeri University of Tizi-Ouzou. ALGERIA

— Abstract

Bayesian loss robustness of estimators for exponential  posterior expected loss of the Bayesian estimator is
samples is considered. The posterior expected loss  calculated. Using the range of posterior expected loss
variations are studied under general class of LINEX  under class of LINEX functions, the robustness of the
functions. To study the robustness, the ranges of the = Bayesian estimator for exponential samples is studied.
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1 Introduction

The problem of robustness has always been an important element of the foundation of statistical analysis
and has enjoyed the attention of authors in statistics for over half a century.

Frequent’s criticism of the Bayesian approach often concentrates on what, for them, is an arbitrary
choice of a prior distribution and/or loss function, a choice that greatly influences the optimal decision
taken. Bayesians too have been aware of the sensitivity of their analysis to possible misspecification of
the prior distribution, the loss function, or the model, to quantify and interpret the uncertainty induced
by the partial knowledge of one (or more) of the three elements in Bayesian analysis (prior, likelihood
and loss). An awareness that led to a series of papers on robust Bayesian analysis, also called Bayesian
sensitivity analysis see Berger [4] and Bhatia et al [6].

In a Bayesian framework, most of the research efforts in the study of Bayesian robustness have been
directed towards prior-robustness, see for example, Berger [3], Betr6 and Guglielmi [5], Carota and
Ruggeri [7], Joshi et al [11], Perone-Pacifico et al [15]. According to Berger [4], p. 251, the robustness
problems for loss functions are often not as severe as those for priors. As a simple example, quadratic
and absolute error estimation loss are quite different, and yet they result in estimating 6 by the posterior
mean and posterior median, respectively, these two estimates are typically reasonably similar.

In a decision-theoretic framework, a specification of a loss function can be even more severe than

that specifying a prior.
For example, in the context of a skewed posterior distribution covering a range of severe losses, as
is typically the case in actuarial losses, the seemingly small distance between these two estimators,
mentioned in the previous example can be crucial. In an extensive review of the decision-theoretic
approach to credibility, see Heilmann [10], eight different loss functions were listed together with the
kind of Bayesian estimators, they produce for a variety of models and prior distributions.

Several authors have paid attention to loss robustness, the most important papers included Arias et
al [2] and Micheas and Dey [14] who introduced the maximum posterior estimate range for measuring
loss robustness. Abraham and Daures [1] derived an analytic approximation to a set of Bayes actions
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associated with the class of loss functions. Dey et al [8] discussed variations of the posterior expected
loss concerning the asymmetric parameter when the loss functions belong to a certain class. Ranges of
the posterior expected loss, influence function and minimax regret principles are adopted to measure the
robustness and optimum choice of the loss functions, with applications on the continuous exponential
family and discrete power series distributions under the class of LINEX loss functions. Moreover, Dey and
Micheas [9] discussed applications including the class of weighted squared error and Hellinger distance
loss. Makov [13] suggested several measures of Bayesian loss-robustness and discussed the influence
approach to robustness and used it for the study of families of loss functions.

In this paper, we introduce a robustness measure of posterior expected loss, using the LINEX loss
functions belonging to a certain class and using the range as robustness measure of the Bayes estimator
of exponential sample.

The structure of the paper is as follows : we introduce in Section 2, the concept of the range of
posterior expected loss as a measure of assessing loss robustness under the class of LINEX loss function.
In Section 3, we study loss robustness for the exponential sample under the LINEX loss function and
determine the parameters of the prior function, which minimize the range for Bayes estimate. The work
ends with conclusion.

2 Models and methods

Let us define a random variable X on a probability space (RT,F, P) and assume that, for a given x € X,
the sample space X is fixed.

Let an action a and parameter 6 belong to an action space A and a parameter space © respectively.
Also, we will assume that the posterior distribution of 8 given xz; defined by n(6|z) = %, where
m(x) = [om(6)f(x]0)do is the marginal distribution of x, 7 (6) is the prior distribution of parameter 6
and f(z|6) the likelihood function.

» Definition 1. Let a loss function denoted by Lg(0,a) € L a class of loss functions. We define the
LINEX loss function which is an asymmetric loss introduced by Klebanov [12] as follows

L.(8,a) = exp[c(a—0)] —cla—0) — 1

where the constant ¢ # 0 determines the shape of the loss function, its behaviour is defined by Both
Zellner [17] and Varian [16].

» Definition 2. For L € L, we define the posterior expected loss in using action a by
pr(m,z,a) = Er(|2)[Le(0,a)] = / L.(0,a)mw(0|x)do (1)
e

For all a, the posterior expected loss under LINEX loss function is given by
pr(m, z,a) = exp(ac) Ey|;(exp(—ch)) — c(a — Eg5(0)) — 1 (2)

» Definition 3. The Bayesian estimator denoted by éB, is defined as the value of 0 € © which minimizes
posterior expected loss function pr(mw,x,a).

I =~ In Eypp(exp(~ch)) 3)

» Definition 4. In the case of Bayesian robustness analysis, the range is used as measure of robustness
of the quantity of interest (prior, likelihood and loss functions).

For assessment of the sensitivity of the class L, the range of the posterior expected loss is then defined as
follows

R(a,z) = sup pr(m,z,a) — inf pr(r,z,a) (4)
LeL Lel
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The class L is robust if R(a,x) is sufficiently small.

» Example 5. A plot of R(a) against a indicates the degree of robustness for different values of a. An
example is illustrated by Makov [13].

To derive the range, in the LINEX class loss function, the steps are as follows:
1. Modelling uncertainty in the loss function by specifying a class of possible loss functions. This class
of LINEX loss function £ is given by

L=A{Ly(0,a):c <c<cy}

where, ¢ # 0. Overall, it seems reasonable to consider a class of LINEX loss functions where ¢y, and
cy have the same sign see Dey et al[8].
2. Determining the loss posterior ranges over the classes given above.
Here, in order to calculate the range of the posterior expected loss p.(m, z,a), we need to know the
behavior of p.(m,x,a).
In exponential family case, p.(, z,a) is a convex function in ¢ having minimum at ¢ tends to 0. If ¢f,
and ¢y have the same sign, we calculate the range from (4) (see Dey et al[8]) as follows

R(a,z) { PL., (T 2,a) = pr., (7, 7,0) %f0<cL < cy)
pr., (T, x,a) —pr. (7 2,a) ifep <cp <0)
In the following, we assume that 0 < ¢, < cp.

» Proposition 6. Let us calculate the range of the posterior loss under the Bayesian estimator a = 0 for
a given x € X
We replace a = 0 by the Bayesian estimator in (2) and obtain

pr(m,2,05) = In [Eg|,(exp(—ch))] + cEpj,(6) (5)
The corresponding range is then equal to

R(0p,z) = In By, (exp(—cy0))] — In [Eg, (exp(—c1.0))] + Egj.(0)(co — cr) (6)

3 Loss robustness for exponential samples under LINEX loss function

Let us consider a sample of an exponential random variable X ~ Fx(f) with density f(z) = 6 exp(—6z)
where x and 6 € R’. The likelihood function is given by

L(z]0) = 0™ exp(—0s)

where s = ¥ x;
Let w(#) be the prior distribution defined by T'(«a, 8) distribution:
B pa-1_—p0
0) = 9o te
with o, 8, 0 € R%. and D(e) = [7 6~ Le=0dg
The posterior distribution 7(6|x) is then 8|x ~ I'(n + «, s + 8). From (1), the posterior expected loss is

given by
—(a+n)
c a+n
m,x,a) = exp(ac) [ 1+ —cla— -1 7
pi (. .0) = explae) (14 55 ) (- 522) g
Then, the corresponding Bayesian estimator is
~ a—+n c
O = In(1 8
B c n < * 8+ s> (8)

UMMTO
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3.1 Computation of the range

Since p(m,x,a) is a convex function in ¢ and has a minimum when ¢ tends to 0 the range is given by

Rla,z) = <exp(aCU) (ﬂfjfw)m - <a - Z:’;)) ()

(oot (5555) e (5
explace B+ s+cr L\ B+s

With 0 < ¢, < ¢y

» Remark 7. Following (9), the range depends on the sample size n, the sum s of the observations, the
parameters of asymmetry ¢y and ¢y, the parameters (o, 8) of the prior distribution I'(«, 3), and the
action a.

To obtain the robustness of the action, we need to derive the parameters («, ) of the prior which
minimize the range R(a,z). In the following, we set R(a,x) = R(a, ) when «a is the Bayesian estimator.

3.2 Minimisation of the range

The minimisation of the range is performed with respect to the parameters of the prior distribution in
the two cases, Bayesian estimator, from (7) and (8) we obtain the posterior loss as follows

p(m,2,05) = (a+ n) L@is ~In(1 + 5;)}

From (4) we have R(a,z) = sup pr(m, z,a) — meL pr(m, x,a). Since we are interested by the couple (o, 3)
LeL €
which minimizes the range R(a, ), we denote it by R(«, 3) as a function of these parameters.

The range of posterior expected loss function is then
cy cy CcrL CL
= —In(1 — —In(1 1
rap = |((555) -n (1+575)) - (GF) 2 (455 1o

» Proposition 8. 1. Notice that « is in the first terms of the formula (10) only. Then, the range is
small if a tends to 0.

2. Concerning 3, we know that if x tends to 0, In(1 4 x) tends to 0. This means that if ;ﬂs and ;ﬁs
are close to zero for big values of B, then the second term of (10) is again close to zero.

2=t (14 £2) 20 for £ +1n (14 £ ) =0

For the range to be reduced, B must be large and o small, hence the robustness of the class of loss
functions.

3.3 Variation of the range with respect to o and

1. Variation of the range with «

In this case, following Proposition 8, we have a tends to 0 and ﬁc_ﬁs tends to 0 then in neighborhood

to 0, we can say that ﬁcis = . This allows us to set § = & — s with 0 < a < % in formula (10).

We obtain the range denoted by R(«) defined by :

R(a) = (n +a) afln(1+a)f%+ln(1+%) (11)
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2. Variation of the range with g
The range is obtained after replacing a by £ in (2) and then,

B+s
RiB)= Mis *”} Kﬁcis

cy Cy, Cr,
—In(1+ - +In{1+ 12
) “( 5+s> <ﬁ+8) “( ﬁ+s)] -
To illustrate the behavior of the range with respect to o and 3, let us consider the following example.

» Example 9. We define a random variable from Exz(1) sample of size n = 50, fixed beforehand. The
sum s of the sample Fx(1) observations is given by the mean of the simulation sums of 10,000 samples
Ex(1) of size 50, then we obtain s = 49.97, ¢y and ¢y, are considered constants, with ¢y =5 and ¢f, = 1,
using formulas (11) and (12) for the variation of « and S respectively, we obtain the variation of the
range illustrated by Figure 1 and Figure 2

o o
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0 w ‘
o B o B
[0} ()
j=)] (o))
< c
© o © o
o — - [ - 4
o o
wn Yo}
o o
o o \
o o p
e T T T T T T e T T T T T T
0.00 0.02 0.04 0.06 0.08 0.10 0 1000 2000 3000 4000 5000
alpha beta
Figure 1 Variation of the range with « Figure 2 Variation of the range with g

Figure 1: The graph represents the range R(«). We notice that for small values of «, the range is
reduced and the robustness is verified than, in the case where the range is equal to 0.05, we calculated
a and deduced [ as follows
a = 0.04634277
g8 = 57.9217
Figure 2: From the graph representing the range R(3), we notice that R(f) is small and tends towards
0 for large values of 8. In the case where the range takes the value 0.05, @ and 3 are
a = 0.0463428
B = 57.92162
According to both figures, one can say that, to reduce the value of the range, it is sufficient to take large
values of 8 and small values of a. As we demonstrated in Proposition 8.

4 Conclusion

In this work, we have discussed the problem of Bayesian robustness of the class of LINEX loss function,
for the exponential sample with the conjugate prior gamma distribution I'(«, 5). The robustness is
obtained when the range of the expected loss function is minimised. In our case, using the Bayesian

UMMTO
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estimator, we demonstrated that the robustness is verified when the g parameter is high and the «
parameter is small. In future work, simulated studies can be extended to more general models.
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